Fundamental collapse of the exciton-exciton effective scattering 
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The exciton-exciton effective scattering which rules the time evolution of two excitons is studied 
as a function of initial momentum difference, scattering angle and electron-to-hole mass ratio. We 
show that this effective scattering can collapse for energy-conserving configurations provided that 
the difference between the two initial exciton momenta is larger than a threshold value. Sizeable 
scatterings then exist in the forward direction only. We even find that, for an electron-to-hole mass 
ratio close to 1/2, the exciton-exciton effective scattering stays close to zero in all directions when 
the difference between the initial exciton momenta has a very specific value. This unexpected but 
quite remarkable collapse comes from tricky compensation between direct and exchange Coulomb 
processes which originates from the fundamental undistinguishability of the exciton fermionic com- 
ponents. 

PACS numbers: 71.35.-y 



I. INTRODUCTION 

It is now commonly accepted that the composite bo- 
son nature of excitons plays a key role in their many-body 
physics: The undistinguishability of the two carriers from 
which excitons are constructed leads to all kinds of elab- 
orate exchange processes which can hardly be handled 
within a naive bosonic framework. 

These exchange processes enter exciton-exciton inter- 
actions which are known to be the main source of nonlin- 
earity in optical properties of semiconductors. Among 
them, we can cite stimulated scattering 1 , polarization 
change 2 , bistable 3 and multistable 4 behaviors and exci- 
ton spin relaxation 5 . 

Exchange between indistinguishable quantum parti- 
cles has also been shown to play a fundamental role in 
the physics of Bosc-Einstcin condensation. 6 Interest of 
this argument is renewed by recent observations of po- 
lariton condensates 7,8 , polaritons being mixed states of 
one exciton and one photon. In pioneering experiments 9 
addressed to fluid propagation of a coherent polariton 
gas 10 ' 11 , the formation of vortices 12 has just been evi- 
denced. It is however worth noting that, although theo- 
retically predicted much longer ago 13,14 , the experimen- 
tal observation of Bose-Einstein condensation of a pure 
exciton gas remains a challenge 15 ' 16 , in spite of very many 
different attempts 1 7-2 Possible reason for not observ- 
ing exciton Bose-Einstein condensation can actually be 
due to the fact that excitons must condense into a dark 
state 22 . Here too, carrier exchanges play a key role since 
exchange between two opposite spin bright excitons pro- 
duce two opposite spin dark excitons. 

A correct handling of the exciton composite nature 
thus is a request, not only from the theoretical point of 
view, but also to correctly understand the experimental 
data. 

One of the most drastic mathematical difference be- 
tween elementary bosons and composite bosons made of 
two free fermions with momenta (k e , k^), as the Wannier 



excitons, is the fact that the prefactor in the iV-particle 
closure relation is (1/iV!) 2 when the particle composite 
nature is kept while it is (1/N\) only when these particles 
are replaced by elementary bosons 23,24 . This prefactor 
difference proves that the formal replacement of Wan- 
nier excitons by elementary bosons is a dream, even in 
the extreme dilute limit of just N = 2 excitons, because 
all sum rules which result from closure relation, are go- 
ing to be different, whatever the exciton-exciton effective 
scatterings. 

By contrast, it is worth noting that the closure relation 
for Frenkel excitons 24-27 , which are made of electron- hole 
pairs localized on the same ion site, has the same (1/N\) 
prefactor as the one of elementary bosons. The reason is 
that, instead of two degrees of freedom (k e ,k^), Frenkel 
excitons have one only: the ion site n. 

From a mathematical point of view, the composite na- 
ture of particles constructed on two free fermions makes 
the exciton basis for iV-pair states overcomplete — ex- 
cept for N = 1. As a mere consequence, the N- 
Wannier-exciton states are not orthogonal. While a non- 
orthogonal basis is rather easy to handle, the intrinsic 
overcompleteness of the Wannier-exciton state basis can- 
not be eliminated in a self-consistent way. This makes 
all attempts 28 ' 29 to work with an orthogonalized exciton 
state set, doomed to failure because the difficulty is not 
so much to find a procedure to orthogonalize the states 
but to reduce their number consistently. In the following, 
we will restrict to Wannier excitons since those are the 
ones for which the composite-boson nature shows up the 
most dramatically. 

Having, on the one hand, understood the intrinsic dif- 
ficulty linked to the overcompleteness of iV-pair states 
when written in terms of exciton operators, being, on 
the other hand, fully convinced that these exciton states 
constitute the relevant basis 30-32 for a proper description 
of many-body effects in a dilute system of electron-hole 
pairs, we have recently constructed a formalism 33 which 
allows us to handle this overcompleteness in an exact way. 
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FIG. 1: Pauli scattering A ^) for fermion exchange between 
two excitons starting in "in" states (i,j) and ending in "out" 
states (m,n). Electrons are represented by solid lines and 
holes by dashed lines. 




The conceptual difference between our formalism and the 
Green function formalism developed long ago for elemen- 
tary quantum particles lies in the fact that this composite 
boson formalism uses an operator algebra based on com- 
mutators between exciton creation operators 34 , while the 
Green function formalism relies on scalars only. 

The link between the overcompleteness of exciton 
states and the exciton composite nature is evidenced 
through the relation 
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which comes from the two different ways to associate two 
electrons and two holes into two Wannier excitons. Bj is 
the creation operator for exciton i having as center-of- 
mass momentum and as relative motion index. The 2 
by 2 Pauli scattering A |J , shown in Fig.l, describes 

fermion exchange between two excitons in states 
in the absence of fermion interaction. The real diffi- 
culty with composite excitons is to produce a formal- 
ism unchanged with respect to the above identity. Our 
composite-boson many-body theory 33 does it in an exact 
self-consistent way. 

As A ^™ ?J in Eq.(l) is a dimensionless quantity, such 

pure exchange scatterings cannot appear alone in effec- 
tive scatterings ruling the time evolution of two excitons 
because these effective scatterings must be energy-like 
quantities. However, when mixed with Coulomb process, 
these carrier exchanges, which come from the intrinsic 
undistinguishablity of the exciton fcrmionic components, 
become crucial because they readily lead to six differ- 
ent energy-like scatterings between two excitons. These 
depend on how the carriers of the two excitons are asso- 
ciated in the "in" and "out" states (i 7 j) and (m,n). The 
resulting six different scatterings are shown in Figs. (2, 3). 

In the direct Coulomb scattering £ dlr fj^J , shown in 
Fig. 2(a), the excitons m and i are made with the same 
carriers while in £ dlr obtained by a (m, n) permu- 

tation, their two carriers are different, so that £ dlr ?J 

can be seen as a direct Coulomb scattering followed by 
two Pauli scatterings for carrier exchange in the absence 
of carrier interaction [see Fig. 2(b)]. The direct Coulomb 



FIG. 2: (a): Direct interaction scatterings between two exci- 
tons starting in "in" states and ending in "out" states 
(m, n) for carrier interaction in the absence of carrier ex- 
change, (b): A (m,n) permutation can be seen as the result 
of a double carrier exchange. 
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is given by 



= / {dr}(V eie2 + V hlh2 - V eih2 - V e2hl ) 
x (m|r ei , r hl ) (n|r e2 , r h2 ){r h2 , r e2 \j) (r hl , r ei \i) . (2) 

(r^nTeJi) is the wave function of an exciton in state 
i, its electron being located at r ei and its hole at r^. 
Coulomb interaction between two electrons reads V eie2 = 
e 2 /|r ei — r e2 1 and similarly for the other Coulomb terms. 

The above expression of £ dlr {^JA visually follows from 

the diagrammatic representation of Fig. 2(a). 

In addition to direct Coulomb scatterings, two exci- 
tons can also have exchange Coulomb scatterings. In 

£ m (m ^ij an d £° ut fm i) i t nc excitons m and i have the 
same electron but a different hole, while in £ ln f™ |J 

and £ out f\ obtained from a (m, n) permutation, they 

have the same hole but a different electron. These ex- 
change Coulomb scatterings result from a succession of 
direct Coulomb scattering and Pauli scattering for car- 
rier exchange. Fig. 3(a) shows that £ ln ^ -Q reads as 

£ dlr (jni) w ith (r/ H ,r/ l2 ) exchanged in the (m,n) wave 
functions. 

It turns out that, as briefly rederived below, £ out in 
which Coulomb interaction takes place after carrier ex- 
change, does not enter the effective scattering ruling the 
time evolution of two excitons 35 ' 36 . This is due to a very 
fundamental reason linked to symmetry breaking in the 
evolution towards positive time. It however is of inter- 
est to note that, as physically expected, a symmetry be- 
tween these two exchange Coulomb scatterings exists in 
the large time limit: indeed, we do have 33 
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where Ei is the i exciton energy, so that the two exchange 
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FIG. 3: Coulomb exchange scatterings: in £ m , the Coulomb processes take place between the "in" excitons, while in £ out they 
take place between the "out" excitons. These exchange Coulomb scatterings can be seen as a succession of a direct Coulomb 
scattering and a Pauli scattering for carrier exchange in the absence of carrier interaction. 



Coulomb scatterings are equal for energy-conserving pro- 
cesses, i.e., when time reversal is expected. 

Even if £ out does not enter the effective scattering rul- 
ing the time evolution of two excitons, we are neverthe- 
less left with four different energy-like quantities. Being 
equally relevant since they only differ by the intrinsic 
fermion undistinguishability, these four scatterings must 
appear on equal footing in the effective scattering rul- 
ing the time evolution of two excitons. Consequently, 
this effective scattering must read linear combina- 
tion of four terms, each of these four terms containing 
two Coulomb attractions and two Coulomb repulsions. 
Such a complex structure is a direct consequence of the 
particle composite nature. Some tricky compensations 
can then take place in this linear combination, to pos- 
sibly end with an effective scattering, either very close 
to zero, or even exactly equal to zero for some specific 
configurations; the corresponding initial state can then 
be seen as "frozen" at first order in Coulomb processes. 

In a previous work 36 , we found that the effective scat- 
tering of two excitons having same initial momentum 
cancels for a finite value of the momentum transfer. This 
particular transfer however has no physical relevance be- 
cause it does not correspond to process in which energy 
is conserved. Being still puzzled by this somewhat unex- 
pected cancellation, we wanted to reconsider the problem 
more in details in order to see if the exciton-exciton ef- 
fective scattering which rules the time evolution of two 
excitons can cancel for some energy-conserving configu- 
rations. This is the purpose of the present work. 

We here show that, indeed, there are some configu- 
rations in which the effective scattering ruling the time 
evolution of two excitons does cancel while energy is con- 
served. As a result, the corresponding scattering configu- 
rations are forbidden at first order in the interaction. For 
some electron-to-hole mass ratio close to 1/2, the effec- 
tive exciton-exciton scattering can even stay very close to 
zero in all directions provided that the initial momentum 



difference has a very specific value. This particular initial 
configuration then appears as somewhat magic because 
excitons do not scatter through first-order Coulomb pro- 
cess. Such a cancellation however requires initial exciton 
momenta above a threshold value which is far larger than 
the typical photon momenta, i.e., the momenta of the 
photocreated excitons. Excitons in their relative motion 
ground state with a larger kinetic energy can however be 
formed through collisions between excited state excitons 
resulting from photon excitation above the absorption 
edge. However, independently from its possible observa- 
tion, it is of importance to understand that the exciton- 
exciton effective scattering can collapse as a result of the 
exciton composite nature. To reveal its existence thus 
constitutes a relevant part of the overall understanding 
of exciton-exciton interaction. 

The present paper is organized as follows. 

In section II, we construct the effective scattering 
which rules the time evolution of two excitons as imposed 
by the particle quantum nature. In order to better grasp 
the importance of the fermion/boson nature of the parti- 
cles as well as the consequence of fermionic components 
in this effective scattering, we here briefly rederive the 
time evolution of two elementary fermions, two elemen- 
tary bosons, and two Wannier excitons. This allows us 
to evidence that a possible collapse of the effective scat- 
tering is a fundamental property of elementary fermions, 
this collapse appearing above a threshold only in the case 
of composite bosons made of two fermions. 

In section III, we study the possible cancellation of this 
effective exciton-exciton scattering for energy conserving 
configurations. To this end, we perform a numerical cal- 
culation of the "in" exchange Coulomb scattering appear- 
ing in this effective scattering in the most general case, 
i.e., for initial excitons having different momenta and ar- 
bitrary mass ratio. We then restrict to energy-conserving 
configurations and study the dependence of the effective 
scattering on exciton momentum difference, scattering 
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FIG. 4: Exciton momenta in 3D Bohr radius unit P = axP, 
for which the exciton kinetic energy is equal to its binding 
energy, as a function of mass ratio a — 




FIG. 5: (a): In the laboratory frame, the "in" excitons with 
momenta Ki = K + P and Kj = K — P transform into "out" 
excitons with momenta K m = K + P' and K„ = K — P'. (b): 
In the center-of-mass frame, which corresponds to set K = 0, 
these excitons have momenta (P, — P) and (P', — P'). Energy 
conserving processes, which are the relevant ones in the large 
time limit, lead to P = P': momenta follow a simple rotation 
in the center-of-mass frame, as shown by the dashed circle. 



angle and electron-to-hole mass ratio. We pay particular 
attention to the magic configuration in which the effec- 
tive scattering stays close to zero in all directions. 
In section IV, we conclude. 



II. EFFECTIVE SCATTERING FOR THE TIME 
EVOLUTION OF TWO QUANTUM PARTICLES 

A. Relevant coordinates 

In order to analyse the exciton momentum configu- 
ration possibly leading to a cancellation of the exciton 
effective scattering, we will, for simplicity, restrict to 2D 
scatterings in which the excitons stay in their relative 
motion ground state, i.e., processes in which all the rel- 
ative motion indices v are equal to vq. This restriction 
requires two conditions to be met: 

1) The quantum well should be narrow enough to pos- 
sibly consider one confined level only. 

2) The exciton momenta, P, should be small enough 
to avoid scattering towards unbound electron-hole pairs. 
This essentially imposes an exciton kinetic energy smaller 
than the 2D binding energy, namely, P 2 jIM < 4/2fj,a x , 
where M = m e + rrih is the exciton center-of-mass mass, 
/j -1 = m^ 1 + rri^ 1 the inverse exciton relative motion 
mass and ax the 3D exciton Bohr radius. For P = axP, 
this condition reads P < 2(1 + a)/s/a. It is shown in 
Fig. 4 as a function of the mass ratio a = m e /mh- 

Also for simplicity, we will not here consider the exci- 
ton spin degrees of freedom: this physically corresponds 
to take the electrons (holes) of the two excitons with same 
spin. 

Since the total center-of-mass momentum 2K of two 
excitons is conserved in a scattering process, we are led 
to write the center-of-mass momenta of the two initial 
excitons as K, = K + P and K , = K — P, while the ones 



of the two final excitons are written as K m = K + P' and 
K„ = K P' [see Fig. 5(a)]. As physical results cannot 
depend on frame momentum, we can, without any loss of 
generality, set K equal to zero. This leads us to rewrite 
the effective scattering for the configuration of interest 
as, [see Fig. 6], 



r ff (:iH cff (- 
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It will also appear as convenient to introduce the two 
momentum transfers (Q,Q') of this scattering process. 
These are defined as 



Q = P' 



Q' = P' 



(5) 



due to carrier undistinguishability, exciton with initial 
momentum P can as well end with the final momentum 
P' or — P', which corresponds to change Q into Q' [see 
Fig.5(b)]. 

Since Q = P' — P, while Q' = P' — P, these momen- 
tum transfers are such that Q = Q' for P. P' = 0. We 
can also note that, for scatterings staying within the same 
exciton relative motion subspace, i.e., for excitons all hav- 
ing the same relative motion index vq, energy conserva- 
tion imposes (K+P) 2 + (K-P) 2 = (K+P') 2 + (K-P') 2 , 
i.e., P = P'\ the scattered momentum then evolves on 
a radius P circle. This P = P' condition also reads 
Q.Q' = 0. As Q + Q' = -2P, the condition Q.Q' = 



P' r^r 



^t77 P 
P 



FIG. 6: Scattering of two excitons with initial momenta 
(P, — P) and final momenta (P', — P') in the center-of-mass 
frame. 
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implies Q 2 + Q' 2 = AP 2 . This shows that, for a given 
P, the final states having the energy of the initial state, 
are fully determined by the scattering angle 9 between P 
and P'. 

As we are mainly interested in energy conserving pro- 
cesses, we will ultimately study the effective scattering 

£° ff \~P' ~p) °f ^ w0 cxc it° ns as a function of the scat- 
tering angle and half the initial exciton momentum dif- 
ference P = |Ki — Kj|/2, for various electron-to-hole 
mass ratios. 



B. Effective scattering for elementary particles 

To better grasp the importance of the particle com- 
posite nature and to relate the possible collapse of the 
effective 2x2 scattering to the particle fermionic/bosonic 
nature, let us first consider two elementary quantum par- 
ticles having initial momenta (P, — P) and final momenta 
(P', — P') in the center-of-mass frame (K = 0). The time 
evolution of the initial state (P, — P) is given by 



-ifffwt n \ 



ClCLr.\v) , 



(6) 



where C P creates the elementary particle of interest with 
momentum P. Depending on the particle quantum na- 
ture, these operators are such that 



(7) 



with 77 = 1 for fermions and rj = —I for bosons. The 
above equation leads to (v\C-piCpiC P C^_-p\v) = <5p'.p + 
ridp>- P . 

The simplest way to calculate \t/j t ) is to use the integral 
representation of the exponential. For t > 0, it reads 



„— iHt 



dx 



e 



—it(x-\-iO+) 



(-2in) x + iO+ - H 



(8) 



where 0+ is an arbitrary positive constant. The proba- 
bility to go from (P, — P) to (P', — P') is thus given by 



(v\C^C P ,e-' m C P Cl p \v) = I 

J — : 



dx 



x(v\C-p,Cp, 
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To go further and calculate the matrix element in this 
integral, we use the following identity valid for H = Hq + 
V, this identity being the key for correlation effects with 
elementary quantum particles, 



f 
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this leads us to write, at first order in the interaction, 
(v\C-p,C P ,e- tHt C P Cl P \v) ~ 



f (<5p,p' +v^p,-t») 



+{Vp'-p + r)Vp> + p 



2e P - - 2e P 
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This shows that, due to the quantum particle undistin- 
guishability, the effective scattering which rules the time 
evolution of two elementary particles starting in state 
(P, — P) and ending in a different state (P', — P') is made 
of two processes which differ by a particle exchange, 



S f-P' P 

p, p 



= Vi 



p'-p 



tjVp'+p = V Q + t)V q . . (13) 



In the case of two fermions, this effective scattering 
reduces to Vq — Vq', the minus sign being standard for 
process associated to fermion exchange. This shows that 
the effective scattering ruling the time evolution of two 
elementary fermions cancels for Q = Q' , i.e., for P' per- 
pendicular to P, with in addition P' = P in the case of 
energy-conserving processes. Let us stress that this ef- 
fective scattering sign change should not be taken as a 
change from repulsion to attraction between the parti- 
cles at hand: this latter characteristic is fully linked to 
the sign of the elementary scattering Vq in the Hamilto- 
nian, not to the sign of the effective scattering ruling the 
time evolution of two fermions, as obvious from the fact 
that this effective scattering anyway appears as a square 
modulus in the Fermi golden rule. 

By contrast, the effective scattering of two elementary 
bosons is given by Vq + Vq> , so that such a cancella- 
tion docs not occur. The possible cancellation of the 
effective scattering ruling the time evolution of two ele- 
mentary quantum particles thus appears as a character- 
istic of the particle fermionic nature. A memory of this 
fermionic cancellation is going to show up in the case of 
excitons made of two free fermions, but above a momen- 
tum threshold only. 



C. Effective scattering for two- fermion particles 

We now turn to the time evolution of two Wannier 
excitons made of linear combination of free fermion pairs. 
Let P>\ be the creation operator of one exciton in state 
i. This operator is such that (H — Ei)B\\v) = 0. Due 
to the exciton composite nature, the scalar product of 
two-exciton states is given by 33 



X 



(n j\ 
\ m i J 



+ \m O n\ 



(14) 



where = B\b]\v) and A is the Pauli scat- 

tering for fermion exchange in the absence of fermion 
interaction, shown in Fig.l. 

To get the time evolution of the two-exciton state 
bJB'Av), we use a procedure similar to the one we have 
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used in the case of elementary quantum particles. Equa- 
tion (8) allows us to write 



-iHt 
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dx 
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1 



1 x + iO+ - H 
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(15) 



Since the semiconductor Hamiltonian does not split in 
terms of exciton operators as Hx + Vxx, we cannot use 
Eq.(lO). Correlations betwen excitons then follow from 
a similar equation in which enters the exciton creation 
operator, namely 33 , 



1 
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z-H-Ei z-H 1 z — H — Ei ' 

(16) 

where the operator V± = [H, Bj] — EiB\ describes the 
interactions of exciton i with the rest of the system. To 
go further, we introduce the direct Coulomb scattering 

e dir f" f) formally defined as 33 



[VlB}]=Y:^ t^BlBl 



(17) 



Its precise value is given in Eq.(2) and its diagrammatic 
representation is shown in Fig. 2(a). 

It is then easy to show that, to lowest order in the 
interaction, 



1 
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where = Ei + Ej . Using the scalar product of two- 
exciton states given in Eq.(14), we end with 
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where the effective scattering ruling the time evolution 
of the two excitons is given by 



toff fn j\ 

^ \mil 
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with ^ being the "in" exchange Coulomb scatter- 
ing defined as 



r(:i)=5>Me dir (;■ 



(21) 



and shown in Fig. 3(a). 

The undistinguishability of the electron-hole compo- 
nents of the excitons leads to an effective scattering made 



of four terms instead of two as in the case of elementary 
quantum particles: starting from the direct Coulomb 

scattering £ dlr ^~p, i the three other scatterings cor- 
respond either to exchange one electron or one hole as in 
the two exchange Coulomb scatterings £ m of Figs.3(a,b), 
or to exchange the two carriers, which is nothing but a 
(P' o — P') exchange in £ dlr as shown in Fig. 2(b). Since 
a fcrmion exchange brings a minus sign, we end with an 
effective scattering for the process of Fig. 6 made of two 
terms with a plus sign and two terms with a minus sign: 



£Off 



P' P 
P' P 



t dir 



-P' -P 
P' P 



tin -P' -P 
S \ P' P 



+ (P' o -P') , (22) 



each of these four terms being actually made of two 
Coulomb repulsions and two Coulomb attractions, as 
seen from Eq.(2). Due to such a complex structure, it 
is far from obvious to physically guess the sign of the re- 
sulting effective scattering and its possible cancellation. 

We are going to show that, as for two elementary 
fermions, the effective scattering for the time evolution of 
two excitons can cancel. However, for energy conserving 
process, this cancellation requires a difference between 
initial momenta larger than a threshold value: for lower 
initial momentum difference, the exciton bosonic nature 
dominates: the effective scattering, like for two elemen- 
tary bosons, keeps a constant sign for all scattering con- 
figurations. 

Actually, due to a quite subtle interplay between the 
various Coulomb contributions existing in this effective 
scattering, interplay which deeply depends on possible 
symmetry between electron and hole, we even find that, 
when the electron-to-hole mass ratio is close to 1/2, the 
effective scattering stays essentially equal to zero in all 
directions, provided that the initial momentum difference 
has a very specific value. While the cancellation of the 
effective scattering for a particular value of the scattering 
angle is quite standard for elementary fermions, the pos- 
sible cancellation of this effective scattering in all scat- 
tered directions is far more subtle, being deeply linked to 
the exciton composite nature. It is worth noting that the 
mass ratio 1/2 to have this somewhat magic cancellation 
essentially separates hydrogen- like excitons (m e <g. m^) 
from positronium-like excitons for which the electron and 
hole play a quite symmetrical role. 



D. Various contributions to the effective 
scatterings 

As seen from Eqs.(20) or (22), the effective scattering 
ruling the time evolution of two excitons is made of two 
direct terms and two exchange terms. 
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Direct terms 



In previous works 36,37 , we showed that the direct 



-p' 



in which exci- 



exciton-exciton scattering £ dlr 

tons with momenta P and P' are made with the same 
electron-hole pair, can be written analytically in terms 
of the exciton momentum transfer Q = P' — P. In 
the case of 2D ground state excitons for which {t\vq) = 
e ~2r/a x where ax is the 3D Bohr radius, this 

scattering reads, in a^- 1 unit for momentum and £x = 
e 2 ax / L 2 unit for scattering, 



where a 

~2 



= ^ \g(a e Q) - g(a h Q)} 2 , (23) 

1 - an = m e /(m e + m h ) while g(q) = (1 + 
g~/16) -3 ' 2 . This shows that £„ lr (Q) reduces to zero for 
Q = and Q infinite, while it stays equal to zero for 
a e = 1/2, i.e., for equal electron and hole masses. Such 
a cancellation can be physically understood by noting 
that the exciton composite nature does not show up in a 
direct scattering, so that excitons basically behave as two 
classical dipoles, these dipoles being fully symmetrical 
when the electron and hole masses are equal. 



2. Exchange terms 

By contrast, the "in" exchange scattering cannot be 
calculated analytically. Its most compact expression ap- 
pears to read 36 



in ( -P' -P 

P' p 



C n {a e Q - a h Q', -a e Q - a h Q') . (24) 



The function £ ln (u, v), which does not explicitly depend 
on the mass ratio, is precisely given by 



e in (u,v)= ]r y q 

q^0,k,?7=±l 

v + q 



u + rjq 

;k — \vq) 



\/i , " + ^ 1 \ 

>< k + o H > 



u -r]q 
k = Wo) 



, (25) 



2 ' ' ' 2 
so that f n (u, v) = f n (-u, v) = f n (-u, -v) 

3. Effective scattering 



Since a (P' O — P') exchange in Eq.(5) amounts 
to change Q into Q', the effective scattering for 
excitons going from states (vq, P),(i/o, — P) to states 
{vo,T"),{vq, — P'), ends by reading as 



= Kl r (Q) - C n (a e Q - a h Q', -a e Q - a h Q')] 

+ [Q^Q'], (26) 

where Q and Q' are the momentum transfers defined in 
Eq.(5) in terms of the exciton initial and final momenta 
(P,P'). 

We have seen that, for equal electron and hole masses, 
i.e., for a e = 1/2, the direct Coulomb scattering cancels. 
Due to the symmetry properties of £ m (u, v), the effective 
exciton-exciton scattering then reduces to one term only 

£i/2(Q,Q') = -2C((Q-Q')/2,(-Q-Q')/2) 

= -2£ in (P',P) • (27) 

In the other limit, i.e., when the hole mass is infinite, 
a e is equal to zero. Due to the symmetry properties of 
£ m (u,v), this effective scattering is then given by 

£o ff (Q,Q') = [£ dir (Q)-C(-Q',-Q')] + [Q^Q'] 
= [£ dir (Q)-r(Q,Q)] + [Q <-> Q'] (28) 



III. POSSIBLE CANCELLATION OF THE 
EFFECTIVE EXCITON-EXCITON SCATTERING 

A. Previous work 

In a previous work 36 , we already calculated the "in" 
exchange Coulomb scattering in the particular case of 
initial excitons having equal momenta in the laboratory 
frame. This configuration corresponds to P = 0, i.e., 
Q' = Q. According to Eq.(24), this means that we 
already calculated 



r(Q,K-a e ]Q)=C(0) • 



(29) 



By contrast with the direct scattering which stays pos- 
itive, this "in" exchange scattering is negative for small 
Q but turns positive when Q gets large. More precisely, 
for zero momentum transfer, Q = 0, i.e., when the two 
ground state excitons (z^o,0) stay in the same (vq,0) 
state, ££(0) in 2D is equal to 38 -(4tt - 315tt 3 /1024) ~ 
—3.0 whatever the carrier masses are, while £Jf (Q) turns 

positive for a momentum transfer Qa} which slightly 
varies with a e , 



C(Q)=0, for Q = Q 



(30) 



For infinite hole mass, this momentum transfer is equal 
to Q { 0) ~ 2.7. 

In this previous work, we also calculated ^(Q,Q') 
for P = 0. Since P = corresponds to Q' = — Q, we 
thus also know 



€f(Q,-Q) = £?(Q) • 



(31) 



This effective scattering was found to cancel for a mo- 
mentum transfer which slightly depends on mass ratio, 



C"(Q)=0 for Q = Q* C 



(32) 
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Q* c varies from Qy 2 — 3.1 to Qq ~ 3.9 when the 

hole mass increases, the effective scattering £° ff (Q) stay- 
ing very close to zero for Q larger than Q* a . However, 
since energy conserving scattering when P = imposes 
P' = 0, i.e., Q = 0, such a momentum transfer Q* e for 
cancellation of £ eff is of no physical relevance because it 
corresponds to process in which energy is not conserved. 

When P = 0, the scattered state having the same en- 
ergy as the initial state corresponds to P' = P: it thus 
reduces to the initial state, which makes the P = ini- 
tial configuration not so much of interest. In order to 
consider physically relevant energy conserving configura- 
tions, we must extend our previous calculations to finite 
initial momentum difference. 

Since the direct Coulomb scattering is analytically 
known, this means that we have to numerically calcu- 
late the "in" exchange Coulomb scattering for arbitrary 
initial momenta. From it, we will then determine, for 
various scattered angles 9 and mass ratios a e , the value 
of the initial momentum difference for which the effective 
scattering defined in Eq.(26) cancels when P = P', i.e., 

when energy is conserved. Let us call Pa} {9) the P value 
for which such cancellation occurs, 

C S AQ, Q') =0 for P = P' = P a °}(9) . (33) 

The resulting 9 dependence of this half initial momentum 
difference is given in Figs 9 and 11 for infinite hole mass 
and equal electron and hole masses. Let us now derive 
these results more in details. 



B. Infinite hole mass 

Actually, our previous work 36 in which we only consid- 
ered P = 0, is enough to get the effective scattering for 
a general (P, P') configuration when the hole mass is in- 
finite, i.e., when a e = 0. Indeed, the "in" exchange scat- 
tering in Eq.(24) then reduces to £ ln (— Q', — Q') which is 
nothing but £, n (Q'), according to Eq.(29). Consequently, 
the effective scattering, given in Eq.(28) reads as 

C(Q,Q') = lZo r (Q)-&(Q)} + lQ^Q'} 

= ^o off (Q)+£o cff (Q')] • (34) 

Due to Eq.(32), this effective scattering obviously cancels 
for Q = Q' = Qq. It also cancels for configurations hav- 
ing different momentum transfers, Q and Q' then being 
on both sides of Qq. If we now restrict to processes in 
which energy is conserved, Q 2 + Q' 2 = 4P 2 , this cancella- 
tion occurs when half the initial momentum difference P 
is larger than a threshold value P * which precisely cor- 
responds to equal momentum transfers Q = Q' = Qq , so 
that this initial momentum threshold corresponds to 

P* =Q*/V2~ 2.77. (35) 




Cos 

FIG. 7: Effective scatterings £J^=o i n the case of infinite hole 
mass, m R /m,h = 0, for three different values of half the initial 
momentum difference P, namely, Po /2, P * , 2Pq , where Po is 
the threshold value of P above which the effective exciton- 
exciton scattering can cancel. 



Since P.P' = for Q = Q' , cancellation at thresh- 
old occurs for scattering in the perpendicular direction 
(cos 9 = 0). For P larger than this threshold value Pq, 
the angle 9 between P and P' when cancellation occurs, 
decreases, the effective scattering staying however small 
for all configurations. This means that, for P ^ Pq, 
sizeable scatterings exist in the forward direction only 
(cos 9 ~ ±1), i.e., 6 ~ (0 or tt). This behavior is shown 
in Fig. 7, which gives the effective scatterings for three dif- 
ferent values of P taken below, at and above threshold, 
namely P = P */2, P * and 2P *. We in particular see 
that, for P = 2P *, cancellation occurs for cos6> ~ 0.75. 

Using Eq.(34), it is possible to calculate the effective 
scattering as a function of half the momentum difference 
P and the angle 9 between scattered momenta. In Fig. 8, 
the effective scattering landscape for energy conserving 
configurations is shown for a large range of P values. 
The heavy line corresponds to zero effective scattering. 
Sections with planes where P is constant give curves sim- 
ilar to the ones of Fig. 7. Since the direct Coulomb scat- 
tering £ dlr is always positive [see Eq.(23)], Fig. 8 shows 
how compensation between direct and exchange Coulomb 
processes evolves to produce cancellation. The £g ff = 
heavy line separates the effective scattering surface into 
two regions; when £q S < 0, the exchange term dominates 
over the direct one as in the small momentum limit. 

In order to better characterize this cancellation ef- 
fect, we also show in Fig. 9 the curve Pq (9) [defined 
in Eq.(33)] where £g ff cancels. Among all possible final 
states satisfying energy and momentum conservations, 
this curve selects the forbidden ones at first order in 
Coulomb process. In agreement with Fig. 7, the minimum 
value of P {0) (9) occurs at threshold P (0) (tt/2) = P * for 




FIG. 8: Effective scatterings £a e =o for energy conserving pro- 
cesses as a function of half the initial momentum difference P 
and the angle 6 between initial and scattered momenta when 
the hole mass is infinite. The full lines correspond to constant 
£a1=0i the heavy one corresponding to f^ =0 = 0. 



FIG. 10: Effective scatterings £a e =i/2 for energy conserving 
processes as a function of half the initial momentum difference 
P and the angle 6 between initial and scattered momenta 
when the electron and hole masses are equal. The full lines 
correspond to constant £^=i/2i the heavy one corresponding 
0. 



to c!=i 



/2 




I i I i I i I i I i I i I i I i I 

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 

cos e 

FIG. 9: Initial half exciton momentum difference P^ =0 {9) 
for effective scattering cancellation as a function of the angle 
between initial and scattered momenta when the hole mass 
is infinite. The dashed line corresponds to the treshold value 
Pq ~ 2.77 above which cancellation can occur [see Eq.(35)]. 

cos9 = 0, while for 2P * it occurs for cos 9 ~ ±0.75. 



C. Equal electron and hole masses 

We now turn to the other limit, i.e., equal electron 
and hole masses. As seen from Eq.(27), the effective 
scattering in the forward direction, P = P', reduces 
to -2£ in (P,P) which is nothing but -2C n (P), due to 
Eq.(29). This effective scattering is thus found to can- 
cel for P equal to <5o°^ — 2.7 [see Eq.(30)], so that the 
momentum P{/ 2 {0 = 0) for cancellation of the effective 



scattering, defined in Eq.(33), is equal to Q . 

Through a numerical calculation of the scattering 
£ ln (P',P) given in Eq.(25), when energy is conserved, 
i.e., for P = P' . we can get the effective scattering £*J 2 
as a function of half the momentum difference P and 
scattering angle 9 and determine where it cancels when 
energy is conserved. By comparing Figs. (8) and (10), we 
see that the behaviours of £^ =0 and £, a =1 / 2 f° r energy 
conserving configurations are quite different. Most strik- 
ingly, the curve P^j 2 (9) for cancellation, shown more in 
details in Fig.ll, has a curvature opposite to the one for 
infinite hole mass, shown in Fig. 9: scattering in the per- 
pendicular direction, P'.P = 0, is found to cancel for a 
P value P{j\(0 = tt/2) ~ 3.66 which is larger than the 

value in the forward direction P{j 2 (6 = 0) — 2.7. By 

contrast, the minimum value of ;_ (#), when the hole 
mass is infinite, is reached for 9 = 0. 

Such different behaviors of Pq(6) and Py 2 (9) can 
look quite strange at first, because, from the behav- 
iors of these two extreme mass ratios, m e /mh = and 
m e = rrih, we expect, by continuity, to go through a 
value of a e = m e /(m e + rrih) for which Pa} {9) would 
stay constant and equal to zero when changing the angle 
9 between the initial and final state exciton momenta: for 
half initial momentum difference equal to this constant 
value, the effective scattering would then stay equal to 
zero in all directions. 

Let us now determine the value of the electron-to-hole 
mass ratio which separates these two different regimes 
of curvature, in order to characterize more in details the 
magic initial configuration having a zero effective scat- 
tering in all directions. 
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-1.00 -0.75 -0.50 -0.25 0.00 0.25 

Cos e 



5C 



0.75 1.00 



FIG. 11: Initial half exciton momentum difference P^ =1 / 2 (@) 
for effective scattering cancellation as a function of the angle 
between initial and scattered momenta for equal electron and 
hole masses. 



D. Arbitrary mass ratio 



-P' 
P' 



p I given 



We start from the general form of £ 

in Eq.(26) which, together with Eqs.(23) and (25), gives 
the effective scattering as a function of the mass ratio a e 
and the momentum transfers (Q,Q'), these momentum 
transfers being related to the exciton initial and final mo- 
menta (P, P') through Eq.(5). We again consider energy- 
conserving processes, i.e., processes such that P = P' . 
The effective scattering then depends on the initial half 
momentum difference P, the angle 9 between P and P' 
and the mass ratio a e . Let us call it £° ff (P, #). 

In order to better see if an initial state with a zero ef- 
fective scattering in all scattered directions can exist, we 
first look for values of the initial half momentum differ- 
ence P, and mass ratio cv e , for which the effective scatter- 
ing cancels in the forward and perpendicular directions. 
This corresponds to look for P and a e such that 



e£(P,0)=e£(P,7r/2) = 



ff I'd 



(36) 



We find that this happens for P ~ 3.3 and a e ~ 0.32, 
which corresponds to a hole mass value rrih of the order 
of 2.08m e . Figure 12 shows the half momentum differ- 
ence (9) for effective scattering cancellation when the 
mass ratio is equal to a e . We sec that P^\9) is indeed 

equal to P for 9 — and 9 = ir/2 but does not stay ex- 
actly equal to P when changing 9: this half momentum 
difference actually shows a very small oscillation, cross- 
ing the P = 3.33 value in four points when cos# varies 
from —1 to +1. Although this oscillation is very small, it 
actually rules out a far more striking behavior, with an 
effective scattering staying exactly equal to zero for all 
scattering angles 9. 




-1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 

Cos 9 

FIG. 12: Initial half exciton momentum difference P^J (8) 
for effective scattering cancellation as a function of the angle 
between initial and scattered momenta when m;, = 2.08m e , 
i.e., when a e = a e — 0.32. The dotted line, P — 3.33, is to 
guide the eyes for the weak oscillation of P^'(6), the value of 
Pi°\e) being exactly equal to P ~ 3.3 for cos6» = (0, ±1) 




-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 

Cos e 

FIG. 13: Half initial exciton momentum difference P„ _i/3 W 
for cancellation of the effective scattering, as a function of 
the angle between initial and scattered momenta when mj, = 
2m e . 



In order to better characterize this fundamental col- 
lapse of the effective exciton-exciton scattering, we have 
performed calculations for values of a e very close to a e , 
namely, rrih = (2.08 =F 0.08)m e : the results arc shown 
in Fig. 13 and Fig. 14 respectively. In both cases, we find 
that there are very narrow ranges of P values for which 
scattering cancellation occurs (AP/P ~ 0.03). 

Of particular interest is the case rrih = 2m e for which, 
when the initial half momentum difference P is equal 
to (7r/2) (see Fig. 13), the effective scattering stays 
essentially equal to zero for all scattered directions 9 be- 
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3 6- ± s =0 11^=2.16 in 




2.8 - 



4.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 

Cos e 

FIG. 14: Half initial exciton momentum difference Pa] {0) 
for cancellation of the effective scattering, as a function of 
the angle between initial and scattered momenta when mj, = 
2.16m e . 



tween 7r/4 and 37r/4. This rather large range of 9 values 
in which energy conserving scattering is forbidden, could 
possibly help to evidence this highly non intuitive funda- 
mental collapse. We see that, for this P value, non-zero 
scattering exists for cos 9 very close to ±1, i.e., in the 
forward direction only. 

The mh/m e ~ 2.08 mass ratio, which fundamentally 

separates two different regimes of curvature for Pa] (9), 
can be physically seen as the precise value which sep- 
arates positronium-like excitons with m e ~ (Fig. 8) 
from hydrogen-like excitons with m e <C (Fig. 10). 

It is clear that the cancellation of the exciton-exciton 
effective scattering requires exciton initial momenta far 
larger than photon momenta, i.e., the momenta of pho- 
tocreated excitons. As a result, this quite remarkable col- 
lapse seems hard to experimentally evidence in a direct 
way through excitons created by resonant photons. Nev- 
ertheless, its existence could have consequences in phys- 
ical properties related to exciton-exciton scatterings for 
systems having excitons with high kinetic energy as pos- 
sibly produced by non-resonant photons. 

For example to explain the rise time observed in time 
resolved luminescence of GaAs/AlGaAs/GaAs(001) 2D 
multi quantum well, the authors of Ref.[39] speculate 
that exciton-exciton scattering plays a dominant role 
with respect to dephasing effects linked to either disor- 
der or acoustic phonons. It is legitimate to then expect 
strongly different behavior when such dominant mecha- 
nism is hampered by the present cancellation effect. 

We wish to stress that, although rather large, the half 
initial exciton momentum difference P a °] for which scat- 
tering cancels, stays below the exciton ionization thresh- 
old, for all mass ratios considered here, as can be seen 
from Fig. 4. Consequently, the asumption of excitons 
staying in their fundamental ground state, under which 



these calculations are made, is fully valid. 

The present work considers quasi two-dimensional 
quantum wells (L <C ax) with hole-to-electron mass 
ratio mh/m e close to 2 (Fig. 13). This is easily ful- 
filled in high quality GaAs/AlAs/GaAs(001) with elec- 
tron mass m e =0.067 and hole mass in the parallel direc- 
tion m^=0.110. The 3D Bohr radius being ax=17.5nm, 
the 2D Rydberg energy 4i?. yc ; is of the order of 12meV 
while the ionization threshold for center-of mass energy 
is of the order of 7.8meV (sec Fig. 4). Moreover, being the 
difference between the lowest (n=0) and the first excited 
state (n=l), for 2D excitons, AE « 3.55R y d we can check 
that the exciton kinetic energy is lower than the transi- 
tion energy AE. Moreover, high quality samples are nec- 
essary to minimize dephasing induced by interface disor- 
der. A very accurate control of the sample temperature 
is also needed to get rid of exciton-acoustic phonon in- 
teraction. A precise control of the heavy-light hole split- 
ting energy, induced by small difference in the lattice 
parameters between GaAs and AlAs materials (compres- 
sive strain) is also required. Note that this splitting must 
be added to the quantum confinement energy (for GaAs 
the z-masses are m z hh = 0.530, mf h = 0.08 ). 

All this tends to show that, altought the experimental 
observation of the exciton-exciton scattering cancellation 
is going to require a rather sophisticated tailoring of the 
sample as well as non-linear optical experiments designed 
in an unusual way, the observation of such an unexpected 
effect which is directly linked to the existence of fcrmionic 
components in excitons, does not seem out of reach and 
seems to us a challenge of physical interest. 



IV. CONCLUSION 

Through the composite exciton many-body framework 
recently proposed by Combescot and coworkers, we here 
study the effective scattering ruling the time evolution of 
two excitons at first order in Coulomb interaction (Born 
approximation) when these two excitons are in the same 
relative motion state but have different initial momenta. 
We mainly look for energy conserving configurations in 
which this effective scattering cancels. 

(i) We show that the possible cancellation of this ef- 
fective scattering is fundamentally due to the exciton 
composite nature: such a cancellation always occurs 
for elementary fermions but never occurs for elementary 
bosons. In the case of composite-boson excitons made 
of two fermions, cancellation can occur but above a mo- 
mentum threshold only. 

(ii) The effective scattering ruling the time evolution of 
two excitons shows a strong dependence on the electron- 
to-hole mass ratio. For mh/m e close to 2, which can 
be seen as a boundary between hydrogen-like excitons 
for which m e <C nrih and positronium-like excitons for 
which m e ~ m^, we find a quite remarkable cancellation 
of this effective scattering over a large range of scattered 
directions, 9 ~ (f/4, 37r/4), but a very narrow range of 
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